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Abstract

We introduce Asgard, a programming language for dynamical systems. Asgard is based on a correspondence between dynami-
cal systems and programs, similar in philosophy to a Curry-Howard style proof-as-programs view. Systems are written directly
as governing equations in a LEAN-inspired notation and compiled into typed signal-flow circuits built from a small, fixed set of
atomics and combinators. This translation is faithful and calculus-independent: a circuit can be read back as equations, while a
solver, step size and discretisation are chosen only when it is executed. The circuit then serves as a common representation for
inspection, composition, symbolic rewriting, and compilation to fast, differentiable JAX code. The result is a modelling frame-
work that preserves explicit mathematical structure from equation to simulation across deterministic, stochastic, and discrete
systems.

1 Introduction

Most software represents a dynamical system through the numerical procedure used to simulate it. Asgard instead starts from a
simple idea: a dynamical system is a program. Its governing equations are written in a LEAN-inspired notation and compiled
faithfully into a typed signal-flow circuit that can also be read back as equations. No solver, step size or discretisation is
chosen in this translation. Instead, the circuit is an executable representation of the mathematics, independent of any numerical
approximation scheme (Figure|T).

The circuit is the common object of the Asgard toolchain. It keeps feedback, coupling, calculus and parameters explicit,
while a small fixed set of typed atomics and combinators makes systems composable and open to symbolic rewriting. A
compiler lowers the circuit to differentiable JAX code, and the runtime supplies the calculus and integrator for a particular
simulation. The same model can therefore be inspected, rewritten, composed and executed without changing its underlying
structure. Because execution is differentiable end to end, circuit parameters, including those inside feedback loops, can be
fitted directly to data using gradient descent.
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Figure 1: The identification the language rests on. The same system appears as mathematics, as Asgard notation, and as a
circuit; the maps between these are faithful in both directions, so the circuit can be read back as the equations it came from.
Only the last step is one-way: a calculus and an integrator are chosen when the circuit is simulated, not before. The circuit is
shown schematically here and in full in Figure

In this paper we cover the syntax of Asgard, its typed circuit representation, its semantics and execution model, and its main
extensions and applications. Sections[2]and [3]introduce the equation language and circuit representation, while Sections[4]and[3]
describe the interchangeable calculi and execution model. Sections [6|and [7] then cover hybrid and coupled systems, end-to-end
optimisation, and examples through the full pipeline, before Section [§| places Asgard among related modelling frameworks.
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2 Syntax: A Language for Equations

Asgard uses a notation inspired by the LEAN proof assistant for writing equations. The syntax is purely structural, no numerical
meaning is assigned at parse time.

Definition 1 (Equation syntax). An Asgard equation is a string over the grammar:

expr = int(expr, id) | /expr did|diff(expr,id) | d/did(expr)

| sde(expr, expr, id) | sde(expr, expr, expr, id)

| expr + expr | expr — expr | expr * expr | expr / expr
| expr "~ expr| —expr| fn(expr)

| Nid.expr | expr @expr| $id| id| const

fn:= sqgrt | abs| exp| log| sin| cos| sinh| cosh | tanh

where int and diff denote integration and differentiation, each with an equivalent notational surface form ([ f dx and
d/dx (£)), and sde a stochastic process specified by its drift, diffusion, and state variable (the four-argument form adds
a jump term for Lévy processes). Lambda abstraction ()\), application (@, also written apply) and named parameters (S)
support parameterised equations.

The grammar shown is a simplified excerpt. The full parser uses standard mathematical precedence (+ and — bind weaker
than * and /, which bind weaker than ~; exponentiation is right-associative). Lambda abstractions are beta-reduced at the
equation level before circuit compilation, so the circuit layer never sees them directly. Named parameters ($mu, $sigma, etc.)
compile to param(name) atomics whose values are supplied at runtime.

For example, the ODE f’ = f with f(0) = 1 is writtenas £ = £0 + int (f, x).

The parser produces a structured parse tree that can be normalised and rewritten before compilation. The rewrite engine
encodes identities such as the fundamental theorem of calculus:

diff(int(f,z),z) — f

This simplifies equations at the symbolic level, before any numerics are involved.

3 A Typed Intermediate Representation

The traditional mathematical syntax introduced in Section [2]is translated into an intermediary calculus-independent language
before being compiled into a working simulation.

We call the programs of this language circuits, since the language is functional and typed and its programs can be read as
signal-flow networks formed from a set of atomics and a few combinators.

In this section we will introduce the atomics and combinators of the circuit language, how they are compiled from the
traditional mathematical syntax and then

3.1 Circuits

As mentioned, the programs of this language are called circuits and they are formed from a small set of atomics and even smaller
set of combinators, both introduced below. A circuit ¢ has an input degree, d;,, (c), and an output degree, d,:(c), denoting how
many inputs and how many output the circuit has. You can think of these the number of input wires and output wires the circuit
has. We write this as ¢ : d;;, — d,y¢. Each input and output wire d it typed by its set of dimensions. These are uniform across a
circuit, so all input/output wires of a circuit have the same dimensions. These define the underlying dimensions of the systems,
so for ODEs there is just one real dimension, for other systems we have multiple. Note that in our setting these dimensions do
not need to be of the same type. For example, for a stochastic system we might have a dimension for time, which is real, and
then a number of dimensions for each underlying stochastic process.



Table 1: The complete set of atomic operations and their type signatures

Category Operation (din, dowr) ~ Semantics
Generators const(c), param(name) (0,1) Constant or named parameters
sin(n), cos(n), exp(n) (0,1) Transcendental functions of degree n
Transformers  id (1,1) Identity (pass-through)
register(z), deregister(x) (1,1) Formal integration / differentiation
scalar(s), power(a) (1,1) Multiply by a scalar, raise to a fixed exponent
var(name) (1,1) Variable reference
sin, cos, exp, log, abs (1,1) Elementary functions, coefficient-wise
sinh, cosh, tanh (1,1) Hyperbolic functions, coefficient-wise
Binary add,multiplication (2,1) Pointwise addition, Cauchy product
division, power (2,1) Series quotient, element-wise X
convolution(z) (2,1) Convolution along dimension x
Routing split (1,2) Duplicate an input
swap (2,2) Swap two inputs
perm(po, ..., Pn—1) (n,n) Permute n inputs
terminal (1,0) Discard an input
Stochastic stochastic_register(z) (1,1) Wiener integral [ - dW
jump_register(x) (1,1) Poisson integral [ - dN
External black_box(name) (1,1) Apply named external callable
black_box_source(name) (0,1) External callable with no input

3.2 Atomic operations

Atomics are computational primitives with fixed input/output types (degrees):

Four atomics are overloaded on arity according to whether they carry a numeric argument, and the table lists both forms of
each. Given a truncation degree, sin, cos and exp are (0, 1) generators emitting a coefficient stream; bare, they are (1,1)
transforms applied to an incoming stream. Likewise power(a) raises its input to a fixed exponent, while bare power takes
the exponent on a second wire.

3.3 Combinators

Combinators wire atomics into larger circuits:

+ Composition: composition(f,g) feeds the output of f into the input of g (Figure 2h). Requires dow(f) = din(9).

* Monoidal product: monoidal(f,g) runs f and g in parallel (Figure[2b). Degrees add: din = din(f) + din(9)-

» Trace: trace(f) feeds the last output of f back to its last input, implementing a fixed-point / feedback loop (Figure ).
Degrees decrease by one: (diy — 1, douyy — 1).

* Power series composition: compose(f, g, x) computes f(g(x)) in coefficient space (Figure ). Unlike the three combi-
nators above, this is not part of the traced monoidal structure.

3.4 The compilation pipeline

Compilation proceeds in six stages, each using the same rewrite engine:

1. Normalisation: apply algebraic identities (distributivity, associativity) to canonicalise the equation.

2. Beta reduction: eliminate lambda applications by substitution.

3. Variable isolation: identify bounded variables (those with higher derivative than integral degree) and rewrite to isolate
them on the left-hand side. For example, f/(z) = f(x) becomes f = fo + [ f dx.

4. Equation-to-circuit translation: rewrite rules map each equation construct to its circuit equivalent—int to register,
+ to add, identifiers to var, and so on.

5. Degree fixing: insert terminal operations where input degrees are mismatched (e.g., a param composed with a unary
transformer).

6. Trace wiring: detect feedback variables (those that appear both as inputs and outputs), replace their var references with
id, and wrap the circuit in trace. For coupled systems, cross-variable references are resolved by routing circuits built
from split and swap.



(a) composition(f,g) (b) monoidal(f,g)

din(f) — dout(g)a

defined when dOlll(f) = din(g) dm(f)erm(g) — d()ut(f)+d()ut(g)
(c) trace(f) (d) compose(f, g, )
>
f
1= = 2=og
1 1
1 1
1 feedback !
1 1
________ < rrrrr 1 — 1, in coefficient space

(outside the monoidal structure)

(din_l) — (doul_l),
last output fed back to last input

Figure 2: The combinators as signal-flow diagrams. Wires carry signals left to right, and the shaded region is the circuit each
combinator builds. (a) composition wires the outputs of f into the inputs of g; it is well-typed only when those degrees
agree. (b) monoidal places f and g side by side with no wire between them, so the degrees add. (c) trace closes the last
output wire back onto the last input wire; both leave the interface, and the signal carried on the loop is the fixed point of the
resulting equation. (d) compose is not a wiring at all: it substitutes the coefficient stream (b,,) of ¢ into the stream (a,,) of f,
giving the series of f(g(x)), which is why it sits outside the traced monoidal structure. When f is a generator of degree (0, 1),
such as exp, it takes no input and only g is driven by z.

3.5 Example: compiling an ODE

The equation f = fo + [ f dz compiles to:
trace(composition(monoidal(var(fo), composition(id, register(x))), add)) (1)

Reading inside-out: the feedback variable f enters via trace. It passes through register(z) (integration), runs in
parallel with the initial condition fy, and the two signals are summed by add. The output feeds back, implementing the
recursive definition. Figure []illustrates the signal flow.

Not that in this setting there is no difference between initial conditions and free parameters or fording terms, they are all just
viewed as inputs to the circuit. The circuit describes a family of solutions and is instantiated by supplying its inputs, so initial
conditions need no separate representation, they are part of the same typed interface as everything else entering the circuit.

3.6 Categorical structure

These circuits form a traced monoidal category [[10]. The idea of using traced monoidal categories as a semantic framework for
computation with feedback was introduced in [[15]], where Hoare-style reasoning was lifted to an abstract categorical setting[[1].
Asgard inherits this structure as both a type system and a practical rewrite engine.

The most immediately practical consequence of this structure is the type system. Every composition composition(f,g)
requires doy () = din(g), and this is checked statically before any numerics run. Wiring errors are caught at compile time, not
discovered as runtime shape mismatches.

Beyond type checking, the categorical axioms, associativity of composition, the interchange law for the monoidal product,
naturality and vanishing for trace, constitute a proof system for circuit equivalence. Two circuits that can be connected by a
chain of rewrites compute the same function. This enables a range of use cases:



 Simplification: reduce circuits to simpler equivalent forms. Examples of semantics-preserving rewrite rules:

composition(id, f)=f (identity law)
composition(scalar(a), scalar(h)) = scalar(ab) (scalar fusion)
composition(register, deregister)=1id (cancellation)

* Equivalence proofs: show that two differently structured circuits compute the same function, without running them, by
constructing a rewrite path between them.

* Approximation: rewrite a circuit into a structurally simpler form that is approximately equivalent, for instance by truncating
higher-order terms or replacing subnetworks with known analytic expressions. Unlike the exact rewrites above, approximate
rewrites are not justified by the categorical axioms alone, they require numerical validation

» Composition: build complex models by wiring simpler circuits, with the type system guaranteeing that input/output degrees
match at every connection point.

3.7 Closed-form solutions as trace-free circuits

An interesting consequence of this rewrite system concerns closed-form solutions. A circuit containing t race represents a
system defined by a fixed-point equation, e.g. an ODE, a recurrence or a feedback loop. Solving it amounts to eliminating the
feedback, i.e. finding an equivalent circuit that uses only atomic operations, composition, and monoidal product, but no trace.

A trace-free circuit is, by definition, a direct computation. It maps inputs to outputs without iteration or recursion. It may
use special functions (exp, sin, sgrt, etc.) as atomics, but it contains no feedback. This is precisely what we mean by a
closed-form solution.

This reframes the classical question of “does this system have a closed-form solution?” as a question about the rewrite
theory of traced monoidal categories: does a trace-elimination proof exist? This suggests a connection between classical results
in differential Galois theory (which characterises when an ODE is solvable in closed form) and loop elimination in programs,
where trace-elimination is known to be undecidable in general. Bainbridge’s early account of feedback and generalized logic
provides a historical starting point for this connection [3]]; we develop the continuous/discrete traced-monoidal interpretation in
a separate working paper [17].

4 The Semantics: One Circuit, Many Meanings

A compiled circuit is semantics-free, it describes the structure of a computation, not its numerical interpretation. To obtain
a result, one selects a calculus. The implementation of Asgard currently supports three, Real, Stochastics and Discrete, each
providing a different interpretation of the circuit atomics and combinators.

For example, the same circuit structure that solves the exponential ODE under Real can, under Discrete, generate the
Fibonacci sequence, register becomes a unit delay, and multiplication becomes a Cauchy product (convolution of
sequences). This separation has a practical consequence: one can develop and validate a model’s structure deterministically
under Real, then switch to stochastic execution to study noise effects, without changing the model itself, but simply by
changing the semantic interpretation.

The Stochastic column is the multi-index semantics, the direct analogue of the Real one: register descends the dt
branch of the tree, stochastic_register the dW branch, and the coefficients are computed once and shared across every
sampled path. Stochastic systems admit a second semantics in which streams are materialised sample paths and products are
taken pointwise; that is the time-stepping route of §5] an alternative way of executing a circuit rather than a different reading of
its streams.

4.1 Multiple dimensions

Nothing in the representation restricts a circuit to a single dimension. Streams are arrays over labelled dimensions, so a circuit
over x and y is built from exactly the same atomics and combinators as one over ¢ alone. The equation diff (£, x) =
diff (diff (f, y), y) (the shape of a heat equation) parses, compiles and evaluates with no construct specific to partial
differential equations, register and deregister simply act on the dimension they are labelled with. Multi-dimensionality
is therefore a consequence of typing the dimension rather than a separate feature of the language.

'We call this simulation learning, which we discuss in a separate working paper [16]].



Table 2: The three calculi. The circuit is the same across the columns; what changes is how a stream’s entries are read, and
therefore what each atomic computes.

Real Stochastic Discrete
Stream entry Taylor coefficient ¢, scaled Coefficient ¢, on a Sequence term f[n] (OGF)
by n! (EGF) multi-index tree
register Integration [ - dz Drift integral [ - dt Unit delay z~*
deregister Differentiation d/dx — Stream derivative (tail)
multiplication Binomial Cauchy product Shuffle product Plain Cauchy product
Evaluation At any point > Cala(t,w) per sampled At integer time steps
path
Execution Picard iteration in coefficient Picard iteration over the Coefficient recurrence
space multi-index tree
Use cases Deterministic ODEs and PDEs ~ SDEs, jump diffusions, Monte ~ Recurrences, Markov chains
Carlo

4.2 The calculus is carried per dimension

The choice of calculus is not a global configuration on the circuit. Each register carries the dimension it integrates over,
and it is the dimension that is typed, so a single circuit can mix calculi, one dimension deterministic, another stochastic, and the
executor resolves each operator according to the dimension it acts on.

The consequence is that every construction, rewrite and equivalence proof in §3|is carried out without reference to which
calculus any dimension happens to carry. Circuits can be built, simplified and reasoned about at the syntactic level and semantics
enters only when the circuit is simulated, or when a semantic argument about its behaviour is being made. This is what makes
one rewrite system serve every system class rather than needing one per class.

5 Execution Model

In the current implementation, circuits compile to JAX programs. The execution strategy depends on the circuit’s structure
and the chosen calculus. Because of the calculus-independence of the syntax the same circuit can be executed under different
numerical schemes, each providing different trade-offs between accuracy, speed, and the class of systems it handles. The choice
of execution scheme is a semantic decision, decoupled from the syntax of the circuit.

The execution stage is the last of five stages of compilation and execution from mathematical notation to simulation. A
model passes through syntax, the equations as written; rewrite, normalisation of those equations; compilation, translation
into a typed circuit; rewrite a second time, now over circuits rather than equations; and simulation, where a calculus and an
execution scheme are chosen and the circuit is run (Figure[3). The rewrite stage appears twice, once for rewriting equation and
once for circuits. At the equation level it applies the identities of ordinary algebra and calculus and at the circuit level, those
of the traced monoidal structure of §3] which is where simplification, equivalence proofs and structure search all take place.
Everything before the final stage is structural, i.e. no numerical commitment is made until simulation, which is why a circuit
arriving there can be run under any of the schemes below without being rebuilt.

5.1 Stream calculus

For deterministic ODEs, Asgard can solve by computing Taylor coefficients via Picard iteration in coefficient space, following
Rutten’s stream calculus [20]. The solution is represented as a stream of coefficients [co, ¢1, ¢, . . .|. The register operation
shifts coefficients right and divides by index, e.g. the power series analogue of integration. The t race combinator implements
iteration, feed an initial guess through the circuit, use the output as the next guess, repeat until convergence.

For example, for f' = f, f(0) = 1, iteration yields ¢,, = 1/n!, the Taylor coefficients of e”, the exact Taylor coefficients of
e”. The coefficients are computed exactly, it is the series reconstruction that has a finite convergence radius determined by the
singularity structure of the solution. This approach is JIT-compilable as a single JAX loop, naturally handles nonlinear systems,
and produces the full analytic structure (all coefficients) rather than trajectories at discrete time points.
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Figure 3: The path from notation to result. Rewriting appears at two levels, over equations before compilation and over circuits
after it. Only the final stage commits to a numerical interpretation, so one compiled circuit can be run under any of the schemes
in this section.

5.2 Time-stepping integrators

Circuits can equally be executed via classical time-stepping methods, where the circuit encodes the right-hand side of the
differential equation. All stochastic schemes support both Itd and Stratonovich interpretations, where the Stratonovich variants
use midpoint corrections (Heun) to preserve the ordinary chain rule.

Table 3: Available time-stepping integrators (deterministic and stochastic)

Method Order Notes
Runge—Kutta (RK4) 4.0 Classical fixed-step method. Four function evaluations
per step.

Dormand-Prince (RK45) 5.0 Adaptive step-size via embedded 4th/5th-order pair.
Automatically adjusts step size to meet a user-specified
error tolerance.

Euler—Maruyama 0.5 Single evaluation per step. Default for SDEs.
Stratonovich variant uses Heun predictor-corrector.

Milstein 1.0 Uses JAX autodiff for the diffusion derivative o /0.
Exact for geometric Brownian motion.

SRKI1 (Platen) 1.0 Derivative-free: achieves Milstein-order accuracy via a

finite-difference approximation with two function eval-
uations. Works with non-differentiable diffusions.

The same circuit can be run under RK4 for deterministic exploration, RK45 for adaptive accuracy, or any of the stochastic
schemes for noise-driven systems, again without any change to the circuit itself.

5.3 Stochastic Taylor expansion

A third execution path combines stream calculus with Monte Carlo sampling. Deterministic coefficients c,, are computed once
via Picard iteration over a multi-index tree [12]], where each index encodes an iterated integral against d¢, dW, or dN (for jump
processes). Each Monte Carlo path then samples the iterated integrals I, (t,w) and evaluates X (t,w) = > cq Io(t,w). Be-
cause the coefficients are shared across all paths, this is particularly efficient for large ensembles. Antithetic variates, generating
negatively correlated Brownian paths, are available as a variance reduction technique.

For long time horizons where the Taylor expansion’s convergence radius is exceeded, Asgard supports convergence tiling,
i.e. the time interval is partitioned into tiles, and the stream calculus expansion is applied within each tile, using the endpoint of
one tile as the initial condition for the next. Many further steps can be taken to improve the execution of stochastic dimensions.

5.4 Differentiability

Because all execution paths compile to JAX, circuits are fully differentiable regardless of which scheme is used. For circuits
with feedback (trace), gradients propagate through fixed-point iterations via the implicit function theorem (§6|discusses this in



detail). This enables gradient-based parameter identification and end-to-end optimisation of hybrid models.

6 Hybrid Systems and End-to-End Optimisation

The typed circuit representation opens several capabilities beyond simulating known equations. In this section we will discuss
some of them.

6.1 Black-box components

Not every part of a dynamical system has a known analytic form. A chemical reaction rate, a turbulence closure, or a control
policy may be best represented by a learned function, be it a neural network, a lookup table, or some arbitrary callable. Asgard
supports this via the black_box atomic, a typed slot in the circuit that applies an external function to its input, with gradients
flowing through it. In the current JAX implementation of Asgard, this fits really well, since you can implement this learned
component as a JAX function and have the gradients computed automatically via autodiff.

With the use of a black box component, a system can combine known physics (e.g., conservation laws expressed as
register, add, scalar) with a learned correction term (black_box). The explicit structure captures what is known
and the black-box component captures what is not. Importantly, the overall circuit remains typed and composable. This bridges
the gap between fully explicit models and fully implicit models.

6.2 End-to-end optimisation through feedback

Because all execution paths compile to JAX, circuits are fully differentiable. This includes the t race combinator. A traced
circuit defines its output as a fixed point, so naive backpropagation through the iteration would require unrolling but in the case
of Asgard we instead use the implicit function theorem to help us. At the converged fixed point, the gradient is then computed
analytically via dx* /00 = —(I — OF /0z)~ OF /96, implemented as a jax . custom.vjp.

This enables end-to-end optimisation of any parameter in the circuit, including parameters inside feedback loops, inside
black-box components, or both.

With this setup, we can given observed data:

* Fit parameters of a known model structure (inverse problems).
* Train a neural network embedded within an otherwise explicit circuit (hybrid physics-ML).
* Jointly optimise structural parameters and learned components.

The optimiser sees the entire circuit as a differentiable function from parameters to predictions, regardless of internal complex-
ity.

6.3 Coupled systems

Many real-world systems consist of multiple interacting equations, e.g. predator-prey dynamics, multi-asset financial models,
chemical reaction networks. Asgard supports coupled systems where each equation compiles to its own circuit, and the coupling
structure is specified separately.

For stochastic systems, coupling includes correlated Brownian motions, where the executor determines the dependency
structure automatically. Jump-diffusion processes are supported via the jump_register atomic. This enables models with
both continuous diffusion and discrete jumps, including coupled systems where some equations have jumps and others do not.

6.4 Circuit structure search

The rewrite system described in §3|is not only useful for simplification, it defines a search space over circuit topologies. Given
a fitness function (e.g., mean squared error against observed data, penalized by circuit complexity), one can search for better
circuit structures by applying rewrite rules and evaluating the result. The current implementation of Asgard supports greedy
search, beam search, and genetic algorithms over this space, where each candidate is a valid, typed circuit and each move is a
semantics-preserving (or approximately preserving) rewrite.

This turns the rewrite system into a neighbourhood search method for combinatorial optimisation over the space of dynam-
ical models. The search space is small and typed for the reasons given in i.e. candidates are drawn from a fixed vocabulary
rather than a function library, every candidate is well-formed by construction, and initial conditions are inputs to a circuit like
any other.



7 From Equation to Circuit to Result

We trace three examples through the full pipeline to illustrate the syntax-semantics separation concretely.

7.1 The exponential: a deterministic ODE

Equation. The ODE f’ = f with f(0) = 1is writtenas £ = £0 + int(f, x).

Circuit. The compiler produces (as in Eq. (I)):

trace(composition(monoidal(var(fy), composition(id, register(z))), add))

The trace captures the recursive dependence of f on itself. The input degree is 1 (the initial condition) and the output

degree is also 1 (the solution).

1
I
register (x) :
1

trace (feedback state f)

Figure 4: The compiled signal-flow circuit for the exponential ODE in Eq. (I). The initial condition f; is combined with the
integral of the feedback state, and the dashed trace returns the result through register.

Semantics. Under the Real calculus, register is formal power series integration and Picard iteration yields coefficients
¢n = 1/nl, the Taylor expansion of e®. Under the Discrete calculus, the same circuit computes a discrete recurrence. The
structure is unchanged, but the meaning changes depending on the calculus.

7.2 Geometric Brownian motion: a stochastic process

Equation. The SDE dS = puSdt + oS dW iswrittenas Y = sde ($Smu * S, S$sigma x S, S).

Circuit. Compilation produces a circuit containing register (drift integral [ ;S dt) and stochastic_register
(diffusion integral [ .S dW), wired together with t race for the feedback. The compiler emits the following circuit program:

composition (
trace (composition (
composition (
composition(split, monoidal (
composition (
composition (monoidal (param(mu), var(S)), multiplication),
register(S)),
composition (
composition (monoidal (param(sigma), var(S)), multiplication),
stochastic_register(S)))),
add) ,
split)),
var (Y))

Figure [5| makes the parallel branches and traced state explicit.
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Figure 5: The compiled signal-flow circuit for geometric Brownian motion. The first split sends the feedback state through
the drift and diffusion branches, add combines the deterministic and stochastic integrals, and the final split exposes Y while
returning the state along the dashed trace.

Semantics. The same circuit admits multiple execution schemes. Under stream calculus, deterministic coefficients are
computed once via Picard iteration, then combined with sampled iterated integrals across Monte Carlo paths. Under Milstein,
the circuit is evaluated as a time-stepping integrator at strong order 1.0, using JAX autodiff for the diffusion derivative. Under
Euler-Maruyama, a simpler strong-order-0.5 integrator is used. Both It6 and Stratonovich interpretations are available, where
the Stratonovich variant uses a Heun predictor-corrector. In all cases, the circuit is identical and, as before, only the execution
semantics differ.
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7.3 Fibonacci: a discrete recurrence

Equation. The recurrence f, = f,—1 + fn—2 with fp =0, f; = 1.

Circuit. The circuit uses trace for feedback, register for the unit delay, and multiplication for the Cauchy
product with recurrence coefficients o = (1, 1). The parameter stream kick = (0, 1) supplies the initial condition f; = 1:

trace (composition(composition(composition(composition(
monoidal(param(o), register(t)), multiplication),

monoidal(param(kick), id)), add)7 split))

{register (0 |l oL Lcaton

Figure 6: The compiled Fibonacci circuit. The feedback sequence is delayed by register, convolved with o = (1,1) by
multiplication, seeded by kick = (0, 1), and returned by the final split.

Semantics. Under the Discrete calculus, register is a unit delay and multiplication is sequence convolution.
The circuit produces 0,1,1,2,3,5,8,13,... Note the structural parallel with the exponential ODE: both use trace and
register, but the calculus determines whether the result is a continuous function or a discrete sequence.

8 Related Work

Equation-based and hybrid modeling languages. Modelica [9] supports acausal descriptions of multi-domain physical sys-
tems and flattens models to hybrid differential-algebraic equations. ModelingToolkit.jl [[14] compiles equations to a symbolic
intermediate representation for graph transformation and solver-oriented lowering. Functional Hybrid Modeling [[18] and Zélus
[S)] similarly treat hybrid models as typed, declarative programs. Asgard instead exposes a small typed circuit intermediate
representation with traced-monoidal composition, explicit equational rewrites, and a calculus carried per dimension.

Diagrammatic and compositional dynamical systems. Categorical signal-flow calculi provide a direct antecedent for
Asgard’s circuit representation. Baez and Erbele [2]] give a categorical account of linear control diagrams, while Bonchi,
Sobocinski, and Zanasi [4] provide stream semantics and a complete equational theory for linear signal flow. Operadic models
[13] use wiring diagrams for hierarchical composition of continuous and discrete systems in the AlgebraicJulia ecosystem.
Asgard uses such diagrams as a compiler intermediate representation and extends their executable interpretation to nonlinear,
stochastic, and discrete systems.

Feedback, execution semantics, and streams. Traced monoidal categories formalise feedback abstractly [[10]], and Martin,
Mathiesen, and Oliva [[15} |1] use that structure to reason about programs with loops and state. Asgard turns this categorical
structure into both the type discipline and the rewrite theory of an executable dynamical-system language. Ptolemy II [8] sim-
ilarly separates actor networks from directors supplying continuous-time, discrete-event, and dataflow models of computation.
In Asgard, however, the calculus belongs to each typed dimension of one mathematical circuit, allowing different interpreta-
tions to coexist without changing its structure. Rutten’s coinductive stream calculus [[20] underlies Asgard’s coefficient-wise
ODE execution, while Diffrax [L1] provides differentiable JAX solvers at the numerical level.

Dynamics learning and structure discovery. Neural ODEs and PINNs [7, [19] learn implicit dynamics, whereas SINDy,
symbolic regression, and Al Feynman [6} 21, 22] infer explicit equations from data. These approaches address model identifi-
cation, a complementary problem to Asgard’s representation, transformation, and execution of an explicit model.
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9 Conclusion

Asgard treats the mathematical structure of dynamical systems as a computational object, i.e. a program. By separating syntax
(equations) from semantics (calculi) with a typed intermediate representation (circuits), it preserves the properties that make ex-
plicit models useful, interpretability, composability, verifiability, while supporting automatic differentiation, GPU acceleration,
and stochastic simulation.

Because the circuit can be read back as equations, symbolic transformation and numerical execution stay in one-to-one
correspondence with the original mathematical model. The examples show the practical consequence. That ODEs, SDEs, and
discrete recurrences share the same small circuit vocabulary, with their differences supplied by the calculus rather than the
syntax.

The result is a modeling framework that preserves the explicit, compositional structure of equation-based and diagram-
matic systems while making the same typed circuit algebraically rewritable and executable under deterministic, stochastic, and
discrete semantics.
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